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In this paper, a geometric process repair model for a k-dissimilar-component series repairable system with one repair-
man is proposed. For each component, the successive operating times form a decreasing geometric process whereas the
consecutive repair times constitute an increasing geometric process. Under this assumption, we consider a replacement pol-
icyM = (N1,N2, . . . ,Nk) based respectively on the number of failures of component 1, component 2, . . ., and component k.
Our problem is to determine an optimal replacement policy M ¼ ðN 1;N 2; . . . ;N kÞ such that the average cost rate (i.e. the
long-run average cost per unit time) is minimized. The explicit expression of the average cost rate is derived and the cor-
responding optimal replacement policy can be determined analytically or numerically. Finally, an appropriate numerical
example is given to illustrate some issues included the sensitivity analysis and the uniqueness of the optimal replacement
policy M*.
 2006 Elsevier Inc. All rights reserved.
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The series repairable system is one of the classical repairable systems in reliability. Under the condition that
the successive operating times and the consecutive repair times of each component are both exponentially dis-
tributed, Barlow and Proschan [1] studied some important reliability indices of the system. Khalil [2] consid-
ered various shut-oﬀ rules, so that some components can continue to operate while the system breaks down.
And he calculated the limiting availability of the system. Chao and Fu [3] proposed a more general series sys-
tem and determined the limiting reliability of the system. However, all these studies use the assumption that
each failed component after repair is ‘‘as good as new’’. This is a perfect repair model. In practice, most sys-
tems are deteriorative due to ageing eﬀects and accumulated wearing. In other words, a component (or a sys-
tem) after repair may not be ‘‘as good as new’’. Under this assumption, Barlow and Hunter [4] ﬁrst introduced
a minimal repair model for an one-component repairable system in which the minimal repair does not change0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
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nent repairable system in which a repair with probability p is a perfect repair, and with probability q = 1  p is
a minimal repair. Studies of repair replacement policies for a one-component repairable system are, for exam-
ple, Park [6], Phelps [7], Block et al. [8], Kijima [9]. Further, repair replacement problems for these models may
be found in survey paper by Valdez-Flores and Feldman [10].
However, for a deteriorating system, it is more reasonable to assume that the successive operating times
for each component will often become shorter and shorter while the consecutive repair times will often
become longer and longer. Thus, we should introduce a stochastically monotone process for modeling such
a deteriorating system. Lam [11,12] used a geometric process repair model (GPRM) to represent these dete-
riorating behaviors of the repairable systems. Under this model, he studied two replacement policies, one
based on the working age T of the system and the other based on the number N of failures of the system.
The objective is to choose optimal replacement policies T * and N * respectively such that the average cost
rate (ACR) is minimized. The explicit expressions for the ACR under these two kinds of policy are derived,
and the corresponding optimal replacement policies T * and N * are found analytically or numerically.
Because the geometric process (GP) is a special monotone process, Stadje and Zuckerman [13] introduced
a general monotone process repair model to generalize Lam’s work. Zhang [14] generalized Lam’s work by
a bivariate replacement policy (T,N) under which the system is replaced at the working age T or at the time
of the Nth failure, whichever occurs ﬁrst. The GPRM has been extensively applied to the reliability indices
and the maintenance problem for a deteriorating system, including one-component system and two-compo-
nent series, parallel and standby systems, for example see Lam [15], Stadje and Zuckerman [16], Finkelstein
[17], Stanley [18], Zhang [19], Zhang et al. [20], Zhang and Wu [21], Lam and Zhang [22,23] and Zhang [24]
for details.
However, in various research works above, little attention has been paid to a replacement policy for multi-
component series system. The purpose of this paper is to apply the GPRM to a k-dissimilar-component series
repairable system with one repairman. We consider a replacement policy M = (N1,N2, . . . ,Nk) based respec-
tively on the number of failures of component 1, component 2, . . ., and component k. Our objective is to deter-
mine an optimal replacement policy M ¼ ðN 1;N 2; . . . ;N kÞ such that the ACR is minimized. The explicit
expression of the ACR is derived and the corresponding optimal replacement policy can be determined ana-
lytically or numerically. Finally, an appropriate numerical example is given. In this example, we conduct some
sensitive analysis with respect to the parameters of the GP and study their eﬀect on the optimal policy. Under
some given parameter values, uniqueness of the optimal replacement policy M ¼ ðN 1;N 2; . . . ;N kÞ can be
showed.
For ease of reference, we ﬁrst give some notations to be used in this paper and state the deﬁnitions of
stochastic order and GP as follows:
Notation
X ðiÞn operating time of the component i after the (n  1)th repair, rv
Y ðiÞn repair time of the component i after the nth failure, rv
ai positive constant, where aiP 1 is called the ratio of GP, i = 1,2, . . . ,k
bi positive constant, where 0 < bi 6 1 is called the ratio of GP, i = 1,2, . . . ,k
F ðiÞn ðtÞ Cdf of X ðiÞn
GðiÞn ðtÞ Cdf of Y ðiÞn
ki expectation of X
ðiÞ
1 , i.e. EX
ðiÞ
1 ¼ ki
li expectation of Y
ðiÞ
1 , i.e. EY
ðiÞ
1 ¼ li
T ðiÞn operating time of component i between (n  1)th replacement and nth replacement
RðiÞn repair time of component i between (n  1)th replacement and nth replacement
n(i)(t) number of replacements of component i in [0, t]
T iðtÞ operating time of the system between n(i)(t)th replacement and time t
RiðtÞ repair time of component i between n(i)(t)th replacement and time t
T(t) total operating time of the system in [0, t]
Y.L. Zhang, G.J. Wang / Applied Mathematical Modelling 31 (2007) 1997–2007 1999R(i)(t) total repair time of component i in [0, t]
D(t) cost function of the system at time t
cw reward rate of the system
cðiÞr repair rate of component i for every failure
r(i) replacement cost of component i each time
Ni number of failures of component i
M replacement policy of the system based respectively on the number of failures of component 1, com-
ponent 2, . . ., and component k
sðiÞ1 time interval between the installation of the system and the ﬁrst replacement of component i under
policy M
sðiÞj ðjP 2Þ time interval between (j  1)th replacement and jth replacement of component i under policy M
Wi length of a renewal cycle of component i under policy M
C(M) ACR under replacement policy M
M * optimal M to minimize C(M)Deﬁnition 1. Given two rv X and Y, X is said to be stochastically greater than Y or Y is stochastically less than
X, ifP ðX > aÞP P ðY > aÞ for all real a:It is denoted by XP stY or Y 6 stX (see e.g., Ross [25]). Furthermore, we say that a stochastic process {Xn,
n = 1,2, . . .} is stochastically decreasing (increasing) if XnP st(6st)Xn+1 for all n = 1,2, . . ..
Deﬁnition 2. A stochastic process {nn, n = 1,2, . . .} is a GP, if there exists a real a > 0 such that {a
n1nn,
n = 1,2, . . .} forms a renewal process (RP). The real a is called the ratio of the GP (see e.g., Lam [11], Zhang
[14] and Lam and Zhang [22] for more details).
Obviously, GP is a generalization of RP. It is also a simple monotone process.
In fact, if a > 1, then {nn, n = 1,2, . . .} is stochastically decreasing, i.e.nnPstnnþ1; n ¼ 1; 2; . . . :
If 0 < a < 1, then {nn, n = 1,2, . . .} is stochastically increasing, i.e.nn6stnnþ1; n ¼ 1; 2; . . . :
If a = 1, then the GP becomes a RP.
If E(n1) = k and Var(n1) = r
2, then EðnnÞ ¼ kan1 and VarðnnÞ ¼ r
2
a2ðn1Þ.
Therefore, a, E(n1) and Var(n1) are three important parameters of GP.
2. Model
We make the following assumptions about the GPRM for a series repairable system consisting of k dissim-
ilar components and one repairman.Assumptions:
(1) At the beginning, all of components in the system are new. Whenever any component fails, it can be
repaired and the system breaks down, here the others neither operate nor fail. Then k components
are in operating state and the system re-starts to operate as soon as the repair of the failed one is com-
pleted. Assume that each component after repair is not ‘‘as good as new’’, here is to follow a GP repair.
The time interval between the completion of the (n  1)th repair and the completion of the nth repair on
component i is called the nth cycle of component i (i = 1,2, . . .,k; n = 1,2, . . .).
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ðiÞ
n are respectively the operating time and the repair
time of component i in the nth cycle. Then the distribution functions of X ðiÞn and Y
ðiÞ
n are respectively given
by F ðan1i tÞ and Gðbn1i tÞ, i.e.F ðiÞn ðtÞ ¼ F ðan1i tÞ; GðiÞn ðtÞ ¼ Gðbn1i tÞ ðn ¼ 1; 2; . . . ; ai > 1; 0 < bi < 1; i ¼ 1; 2; . . . ; kÞ:(3) Assume that component i will be replaced by a new and identical one at the time of the Nith failure, and
the replacement time is negligible, i = 1,2, . . . ,k.
(4) Assume that X ðiÞn and Y
ðiÞ
n ; i ¼ 1; 2; . . . ; k; n ¼ 1; 2; . . . are mutually independent.
(5) The replacement policy M = (N1,N2, . . . ,Nk) based respectively on the number of failures of component
1, component 2, . . ., and component k is used.3. ACR under policy M
In the light of Assumption (1), we know that the operating time of the system in [0, t] should be equal to the
operating time of any one of k components in [0, t]. ThusT ðtÞ ¼ T ðiÞ1 þ T ðiÞ2 þ    þ T ðiÞnðiÞðtÞ þ T iðtÞ; i ¼ 1; 2; . . . ; k ð1Þ
RðiÞðtÞ ¼ RðiÞ1 þ RðiÞ2 þ    þ RðiÞnðiÞðtÞ þ RiðtÞ; i ¼ 1; 2; . . . ; k; ð2Þwhere the meaning of nðiÞðtÞ; T ðiÞn ;RðiÞn ; T iðtÞ and RiðtÞ can be found in Notation, i = 1,2, . . . ,k.
According to Assumption (3), component i is replaced when the number of failures of component i reaches
Ni. Thus, we haveT ðiÞm ¼
XNi
n¼1
X ðiÞn ; i ¼ 1; 2; . . . ; k; m ¼ 1; 2; . . . ; nðiÞðtÞ; ð3Þ
RðiÞm ¼
XNi1
n¼1
Y ðiÞn ; i ¼ 1; 2; . . . ; k; m ¼ 1; 2;    ; nðiÞðtÞ: ð4ÞAccording to Eqs. (3) and (4), we can know that T ðiÞ1 ; T
ðiÞ
2 ; . . . are respectively the regenerate points of com-
ponent i. Thus, fT ðiÞ1 ; T ðiÞ2 ; . . .g forms a RP. Similarly, fRðiÞ1 ;RðiÞ2 ; . . .g is also a RP, and they have same renewal
cycle. Because sðiÞ1 is time interval between the installation of the system and the ﬁrst replacement of compo-
nent i under policy M, and sðiÞj ðjP 2Þ is time interval between the (j  1)th replacement and the jth replace-
ment of component i under policy M, wheresðiÞ1 ¼ T ðiÞ1 þ RðiÞ1 ; sðiÞj ¼ T ðiÞj þ RðiÞj ; ðjP 2Þ:
Obviously, fsðiÞ1 ; sðiÞ2 ; . . .g forms a RP, while a renewal cycle is the time interval between the installation and the
ﬁrst replacement or two consecutive replacements of component i under policy M, and Wi is denoted the
length of a renewal cycle of component i under policy M.
Because D(t) is the cost function of the system at time t, according to model assumptions, it can be
expressed byDðtÞ ¼
Xk
j¼1
cðjÞr R
ðjÞðtÞ þ
Xk
j¼1
rðjÞnðjÞðtÞ  cwT ðtÞ: ð5ÞThen, the time t can be expressed byt ¼ T ðiÞ1 þ T ðiÞ2 þ    þ T ðiÞnðiÞðtÞ þ T iðtÞ þ
Xk
j¼1
RðjÞðtÞ ¼ T ðtÞ þ
Xk
j¼1
RðjÞðtÞ: ð6Þ
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t!1
E½DðtÞ
t
¼ lim
t!1
E
Pk
j¼1c
ðjÞ
r R
ðjÞðtÞþPk
j¼1
rðjÞnðjÞðtÞ cwT ðtÞ
" #
E T ðtÞþPkj¼1RðjÞðtÞh i
¼ lim
t!1
Pk
j¼1c
ðjÞ
r E½RðjÞðtÞþ
Pk
j¼1r
ðjÞE½nðjÞðtÞ cwE½T ðtÞ
E½T ðtÞþPkj¼1E½RðjÞðtÞ ¼ limt!1
Pk
j¼1c
ðjÞ
r
E½RðjÞðtÞ
E½T ðtÞ þ
Pk
j¼1r
ðjÞ E½nðjÞðtÞ
E½T ðtÞ  cw
1þPkj¼1 E½RðjÞðtÞE½T ðtÞ :
ð7ÞBecause fsðiÞ1 ; sðiÞ2 ; . . .g, fT ðiÞ1 ; T ðiÞ2 ; . . .g and fRðiÞ1 ;RðiÞ2 ; . . .g are respectively a RP, then according to the renewal
reward theorem (see, for example, Ross [25]), we havelim
t!1
E½RðiÞðtÞ
E½T ðtÞ ¼
lim
t!1
E½RðiÞðtÞ
t
lim
t!1
E½T ðtÞ
t
¼
ERðiÞ
1
EW i
ET ðiÞ
1
EW i
¼ ER
ðiÞ
1
ET ðiÞ1
; i ¼ 1; 2; . . . ; k;
lim
t!1
E½nðiÞðtÞ
E½T ðtÞ ¼
1
ET ðiÞ1
; i ¼ 1; 2; . . . ; k;whereET ðiÞ1 ¼ E
XNi
n¼1
X ðiÞn
 !
¼
XNi
n¼1
ki
an1i
; i ¼ 1; 2; . . . ; k
ERðiÞ1 ¼ E
XNi1
n¼1
Y ðiÞn
 !
¼
XNi1
n¼1
li
bn1i
; i ¼ 1; 2; . . . ; k:Substituting of the results above in Eq. (7), we haveCðMÞ¼CðN 1;N 2; . . . ;NkÞ¼
Pk
j¼1c
ðjÞ
r
ERðjÞ
1
ET ðjÞ
1
þPkj¼1rðjÞ 1ET ðjÞ
1
 cw
1þPkj¼1 ERðjÞ1ET ðjÞ
1
¼
Pk
j¼1c
ðjÞ
r
PNj1
n¼1
lj
bn1
jPNj
n¼1
kj
an1
j
þPkj¼1rðjÞ 1PNj
n¼1
kj
an1
j
 cw
1þPkj¼1
PNj1
n¼1
lj
bn1
jPNj
n¼1
kj
an1
j
:
ð8Þ
Our objective is to ﬁnd an optimal replacement policy M ¼ ðN 1;N 2; . . . ;N kÞ for minimizing C(M) =
C(N1,N2, . . . ,Nk).
4. Optimal replacement policy M*
Now, our objective is to determine an optimal policy M ¼ ðN 1;N 2; . . . ;N kÞ for minimizing C(M) explicitly.
To indicate clearly it, ﬁrst of all, we consider a special case with k = 2, i.e.CðMÞ ¼ CðN 1;N 2Þ ¼
cð1Þr
ERð1Þ
1
ET ð1Þ
1
þ cð2Þr
ERð2Þ
1
ET ð2Þ
1
þ rð1Þ 1
ET ð1Þ
1
þ rð2Þ 1
ET ð2Þ
1
 cw
1þ ER
ð1Þ
1
ET ð1Þ
1
þ ER
ð2Þ
1
ET ð2Þ
1
: ð9Þ
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b1ðlÞ þ cð2Þr
ERð2Þ
1
ET ð2Þ
1
þ rð2Þ 1
ET ð2Þ
1
 cw
b2ðlÞ þ ER
ð2Þ
1
ET ð2Þ
1
; ð10Þwhereb1ðlÞ ¼ cð1Þr
EbRð1Þ1
EbT ð1Þ1 þ rð1Þ 1EbT ð1Þ1 ; b2ðlÞ ¼ 1þ E
bRð1Þ1
EbT ð1Þ1 ; bT ð1Þ1 ¼
Xl
n¼1
X ð1Þn ; bRð1Þ1 ¼Xl1
n¼1
Y ð1Þn ðl ¼ 1; 2; . . . :Þ:When N1 = l, we can see from (10) thatClðN 2Þ ¼ AlðN 2Þ  cw;
whereAlðN 2Þ ¼
ðcð2Þr þ cwÞ
ERð2Þ
1
ET ð2Þ
1
þ rð2Þ 1
ET ð2Þ
1
þ b3ðlÞ
b2ðlÞ þ ER
ð2Þ
1
ET ð2Þ
1
: ð11ÞHereb3ðlÞ ¼ b1ðlÞ þ cwðb2ðlÞ  1Þ ¼ ðcð1Þr þ cwÞ
EbRð1Þ1
EbT ð1Þ1 þ rð1Þ 1EbT ð1Þ1 ; l ¼ 1; 2; . . . :Thus, the problem of minimizing Cl(N2) is equivalent to the problem of minimizing Al(N2). Now, we study the
diﬀerence of Al(N2 + 1) and Al(N2). To do this, leteT ð2Þ1 ¼ XN2þ1
n¼1
X ð2Þn ; eRð2Þ1 ¼XN2
n¼1
Y ð2Þn :ThenAlðN 2 þ 1Þ  AlðN 2Þ
¼ ðc
ð2Þ
r þ cwÞEeRð2Þ1 þ rð2Þ þ b3ðlÞEeT ð2Þ1
EeT ð2Þ1 b2ðlÞ þ EeRð2Þ1
EeT ð2Þ
1
   ðcð2Þr þ cwÞERð2Þ1 þ rð2Þ þ b3ðlÞET ð2Þ1
ET ð2Þ1 b2ðlÞ þ
ERð2Þ
1
ET ð2Þ
1
 
¼ ½ðc
ð2Þ
r þ cwÞEeRð2Þ1 þ rð2Þ þ b3ðlÞEeT ð2Þ1 ½b2ðlÞET ð2Þ1 þ ERð2Þ1 
ðb2ðlÞET ð2Þ1 þ ERð2Þ1 Þðb2ðlÞEeT ð2Þ1 þ EeRð2Þ1 Þ
 ½ðc
ð2Þ
r þ cwÞERð2Þ1 þ rð2Þ þ b3ðlÞET ð2Þ1 ½b2ðlÞEeT ð2Þ1 þ EeRð2Þ1 
ðb2ðlÞET ð2Þ1 þ ERð2Þ1 Þðb2ðlÞEeT ð2Þ1 þ EeRð2Þ1 Þ
¼
b2ðlÞðcð2Þr þ cwÞk2l2
a
N2
2
PN2
n¼1
1
an1
2
bN21
2
PN21
n¼1
1
bn1
2
a
N2
2
b
N21
2
" #
ðb2ðlÞET ð2Þ1 þ ERð2Þ1 Þðb2ðlÞEeT ð2Þ1 þ EeRð2Þ1 Þ
þ
b3ðlÞk2l2
b
N21
2
PN21
n¼1
1
bn1
2
aN2
2
PN2
n¼1
1
an1
2
a
N2
2
b
N21
2
" #
 rð2Þ b2ðlÞk2b
N21
2
þl2aN22
a
N2
2
b
N21
2
 
ðb2ðlÞET ð2Þ1 þ ERð2Þ1 Þðb2ðlÞEeT ð2Þ1 þ EeRð2Þ1 Þ
¼ b2ðlÞðc
ð2Þ
r þ cwÞk2l2hðN 2Þ  ½b3ðlÞk2l2hðN 2Þ þ rð2Þðb2ðlÞk2bN212 þ l2aN22 Þ
aN22 b
N21
2 ðb2ðlÞET ð2Þ1 þ ERð2Þ1 Þðb2ðlÞEeT ð2Þ1 þ EeRð2Þ1 Þ ;
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XN2
n¼1
an2 
XN21
n¼1
bn2:And note that the following results are useful:hðN 2 þ 1Þ  b2hðN 2Þ ¼
XN2þ1
n¼1
an2 
XN2
n¼1
bn2
 !
 b2
XN2
n¼1
an2 
XN21
n¼1
bn2
 !
¼ ð1 b2Þ
XN2
n¼1
an2 
XN21
n¼1
bn2
 !
þ ðaN2þ12  bN22 ÞP 0; ð12Þ
hðN 2 þ 1Þ  a2hðN 2Þ ¼
XN2þ1
n¼1
an2 
XN2
n¼1
bn2
 !
 a2
XN2
n¼1
an2 
XN21
n¼1
bn2
 !
¼ ða2  1Þ
XN21
n¼1
bn2 þ ða2  bN22 ÞP 0:
ð13Þ
Now, we structure an auxiliary functionBlðN 2Þ ¼ b2ðlÞðc
ð2Þ
r þ cwÞk2l2hðN 2Þ
b3ðlÞk2l2hðN 2Þ þ rð2Þðb2ðlÞk2bN212 þ l2aN22 Þ
: ð14ÞBecause the denominator of Al (N2 + 1)  Al (N2) is always positive, it is clear that the sign of Al(N2 + 1) 
Al(N2) is the same as the sign of its numerator. Therefore, the following lemma is straightforward.
Lemma 1.AlðN 2 þ 1ÞTAlðN 2Þ () BlðN 2ÞT1:
Lemma 1 shows that the monotonicity of Al (N2) is determined by the value of Bl (N2). According to Eqs. (12)
and (13), it is obvious thatBlðN 2 þ 1Þ  BlðN 2Þ ¼ b2ðlÞðc
ð2Þ
r þ cwÞk2l2hðN 2 þ 1Þ
b3ðlÞk2l2hðN 2 þ 1Þ þ rð2Þðb2ðlÞk2bN22 þ l2aN2þ12 Þ
 b2ðlÞðc
ð2Þ
r þ cwÞk2l2hðN 2Þ
b3ðlÞk2l2hðN 2Þ þ rð2Þðb2ðlÞk2bN212 þ l2aN22 Þ
¼ b2ðlÞðc
ð2Þ
r þ cwÞk2l2rð2Þ
HlðN 2 þ 1ÞHlðN 2Þ  ½b2ðlÞk2b
N21
2 ðhðN 2 þ 1Þ  b2hðN 2ÞÞ
þ l2aN22 ðhðN 2 þ 1Þ  a2hðN 2ÞÞP 0;
whereHlðN 2Þ ¼ b3ðlÞk2l2hðN 2Þ þ rð2Þðb2ðlÞk2bN212 þ l2aN22 Þ:
This implies:
Lemma 2. Bl(N2) is nondecreasing in N2.
According to Lemmas 1 and 2, an analytic expression for an optimal policy for minimizing Al(N2) is obtained
through the study of Bl(N2). In conclusion, we have the following result.Theorem 1. The optimal replacement policy N 2  N 2ðlÞ can be determined by
N 2ðlÞ ¼ minfN 2jBlðN 2ÞP 1g: ð15Þ
2004 Y.L. Zhang, G.J. Wang / Applied Mathematical Modelling 31 (2007) 1997–2007Furthermore, if BlðN 2ðlÞÞ > 1, then the optimal policy N 2ðlÞ is unique.
Proof. In fact, because Bl(N2) is nondecreasing in N2, there exists an integer N

2ðlÞ such thatN 2ðlÞ ¼ minfN 2jBlðN 2ÞP 1g:In other words, we haveBlðN 2ÞP 1() N 2 P N 2ðlÞandBlðN 2Þ < 1() N 2 < N 2ðlÞ:
Note that N 2ðlÞ is the minimum satisfying (15), and the policy N

2ðlÞ is an optimal replacement pol-
icy. Furthermore, it is easy to see that if BlðN 2ðlÞÞ > 1, then the optimal policy is also uniquely
determined.
For ﬁxed l, we can ﬁnd N2ðlÞ such that ClðN2ðlÞÞ is minimized, namely when N1 = 1,2, . . . , l, . . ., we can ﬁnd
N2ð1Þ;N

2ð2Þ; . . . ;N

2ðlÞ; . . . respectively such that the corresponding C1ðN2ð1ÞÞ ¼ Cð1;N2ð1ÞÞ;C2ðN2ð2ÞÞ ¼
Cð2;N2ð2ÞÞ; . . . ;ClðN 2ðlÞÞ ¼ Cðl;N2ðlÞÞ; . . . are minimized.
According to the deﬁnition of GP, the successive operating times of component i after repair will be shorter
and shorter, while the consecutive repair times of component i after failure will become longer and longer.
Ultimately, it cannot work any longer, neither can it be repaired. So, the total lifetime of the two-component
series repairable system is limited. When a > 1 and 0 < b < 1, we can assume that N1 <1,N2 <1, accordingly
N1 <1;N2 <1. In other words, the minimum of C(N1,N2) exists, we can ﬁnd ðN1;N 2Þ such that CðN 1;N2Þ
is minimized based on Cð1;N2ð1ÞÞ;Cð2;N 2ð2ÞÞ; . . . ;Cðl;N2ðlÞÞ; . . .. For example, the minimum is denoted by
Cl0ðN2ðl0ÞÞ. Thus, we can obtain the optimal replacement policyðN 1;N 2Þ such thatCððN 1;N 2ÞÞ ¼ CðN 1;N 2Þ ¼ Cl0ðN 2ðl0ÞÞ ¼ minN1 ½CN1ðN

2ðN1ÞÞ ¼ minN1 ½minN2 CðN 1;N 2Þis minimized.
Secondly, we consider a special case with k = 3, i.e. C(M) = C(N1,N2,N3). When N1 and N2 are ﬁxed,
C(N1,N2,N3) is a function of N3. If N1 = l, N2 = m, we can rewrite C(N1,N2,N3) = C(l, m)(N3). By a similar
argument, for ﬁxed l and m, we can ﬁnd N 3ðl;mÞ such that Cðl;mÞðN3ðl;mÞÞ is minimized, i.e. when N1 =
1,2, . . . , l , . . ., we can ﬁnd N3ð1;mÞ;N

3ð2;mÞ; . . . ;N

3ðl;mÞ; . . . respectively such that the corresponding Cð1;mÞ
ðN 3ð1;mÞÞ;Cð2;mÞðN 3ð2;mÞÞ; . . . ;Cðl;mÞðN3ðl;mÞÞ; . . . are minimized.
Similarly, the total lifetime of the three-component series repairable system is limited. When a > 1,0 <
b < 1, the minimum of C(N1,N2,N3) exists. Therefore, we can determine the minimum of C(N1,N2,N3) based
on Cð1;mÞðN3ð1;mÞÞ;Cð2;mÞðN 3ð2;mÞÞ; . . . ;Cðl;mÞðN3ðl;mÞÞ; . . .. For example, the minimum is denoted by Cðl0;mÞ
ðN 3ðl0;mÞÞ. And here, when N2 = 1,2, . . .,m , . . ., we can ﬁnd N 3ðl0;1Þ;N3ðl0;2Þ; . . . ;N3ðl0;mÞ; . . . such that
Cðl0;1ÞðN3ðl0;1ÞÞ;Cðl0;2ÞðN 3ðl0;2ÞÞ; . . . ;Cðl0;mÞðN3ðl0;mÞÞ; . . . are respectively minimized. In the same way, we can
determine the minimum of the C(N1,N2,N3) based on Cðl0;1ÞðN 3ðl0;1ÞÞ;Cðl0;2ÞðN 3ðl0;2ÞÞ;    ;Cðl0;mÞðN3ðl0;mÞÞ;   .
For example, the minimum is denoted by Cðl0;m0ÞðN3ðl0;m0ÞÞ. Thus, we can obtain the optimal replacement
policy ðN1;N2;N 3Þ such thatCððN 1;N 2;N 3ÞÞ ¼ CðN 1;N 2;N 3Þ ¼ Cðl0;m0ÞðN 3ðl0;m0ÞÞ ¼ minN1 ½CðN1;m0ÞðN

3ðN1;m0ÞÞ
¼ min
N1
fmin
N2
½CN2ðN 3ðN2Þ;N 1Þg ¼ minN1 fminN2 ½minN3 CðN 1;N 2;N 3Þgis minimized.
Y.L. Zhang, G.J. Wang / Applied Mathematical Modelling 31 (2007) 1997–2007 2005Generally, we can obtain the optimal replacement policy ðN 1;N2; . . . ;NkÞ such that
CðMÞ ¼ CðN 1;N 2; . . . ;N kÞ ¼ minN1 fminN2 . . .minNk1 ½minNk ðN 1;N 2; . . . ;NkÞgis minimized for the k-component series repairable system. h5. A numerical example
In this section, we consider a two-dissimilar-component series repairable system with one repairman. All of
us know that such a series repairable system not only is one of the fundamental models in reliability theory but
also is usually used model in practice. For example, a computer system may treat a series system consisting of
hardware and software; a autocontrol system may also count a series system consisting of control component
and operating component; an electronic system may also regard a series system consisting of power supply
unit and function unit, etc.
We study the numerical example with the following parameter values: a1 = 1.03, a2 = 1.05, b1 = 0.97,
b2 = 0.95, k1 = 40, k2 = 30, l1 = 20, l2 = 15, cw = 70, cð1Þr ¼ 5, cð2Þr ¼ 8, r(1) = 1000 and r(2) = 800. Now, we
can introduce an algorithm as follows to search the optimal policy ðN 1;N 2Þ.
Step 1: Initially set l = 1 and N2 = 1, base on Eq. (14) we can evaluate B1(1) = 0.7613 < 1, and set l = 1 and
N2 = 15, then B1(15) = 2.4918 > 1. According to Lemma 2 and Theorem, 1 < N

2ð1Þ < 15.
Step 2: Reduce the range of N 2ð1Þ. For example, since B1(3) = 0.9848 while B1(4) = 1.1465. According to
Lemma 2, Theorem and Eq. (10), then N 2ð1Þ ¼ 4 and C1(4) = 24.1793 are respectively the optimal policy
and the minimum of ACR under l = 1.
Step 3: Repeat similar Steps 1 and 2. We, for example l = 15, can obtain N 2ð15Þ ¼ 3 and C15(3) = 25.3990.
Thus, there are two possibilities: N 2ð1Þ < N

2ðlÞ < N

2ð15Þ or N

2ðlÞ > N

2ð15Þ. For ﬁnding N

2ðlÞ, set l = 20, then we
can get N 2ð20Þ ¼ 4 and C20(4) = 23.8422. We can see that C20(4) > C15(3). Obviously, N 2ð1Þ < N 2ðlÞ < N 2ð15Þ.
Step 4: Reduce the range of N 2ðlÞ. We can repeat similar Step 3 and set l = 5, then N

2ð5Þ ¼ 3 and
C5(3) = 27.9376. Because C15(3) > C5(3), we have N 2ð1Þ < N 2ðlÞ < N 2ð5Þ. Further, we can evaluate C3(3) =
27.8068. And C3(3) < C1(3), Similarly, N 2ð3Þ < N 2ðlÞ < N 2ð5Þ. Accordingly, when l = 4, we have N 2ð4Þ ¼ 3
and C4(3) = 27.9376. Thus, (N1, N2) = (4,3) and C(4,3) = 27.9376 are respectively the optimal policy
and the minimum of the ACR for a two-dissimilar-component series repairable system with one repairman.
In fact, when k = 2 Eq. (8) will becomeCðMÞ ¼ CðN 1;N 2Þ ¼
cð1Þr
PN11
n¼1
l1
bn1
1PN1
n¼1
k1
an1
1
þ cð2Þr
PN21
n¼1
l2
bn1
2PN2
n¼1
k2
an1
2
þ rð1ÞPN1
n¼1
k1
an1
1
þ rð2ÞPN2
n¼1
k2
an1
2
 cw
1þ
PN11
n¼1
l1
bn1
1PN1
n¼1
k1
an1
1
þ
PN21
n¼1
l2
bn1
2PN2
n¼1
k2
an1
2
¼ c
ð1Þ
r l1k2m1l2 þ cð2Þr k1l2l1m2 þ rð1Þk2l2 þ rð2Þk1l1  cwk1k2l1l2
k1k2l1l2 þ l1k2m1l2 þ k1l2l1m2
; ð16Þwherel1 ¼
XN1
n¼1
1
an11
; l2 ¼
XN2
n¼1
1
an12
; m1 ¼
XN11
n¼1
1
bn11
; m2 ¼
XN21
n¼1
1
bn12
: ð17ÞSubstituting the above parameter values into Eq. (16), we can obtain the results presented in Fig. 1. It is
easy to ﬁnd that C(4,3) = 27.9376 is the minimum of the ACR for the two-component series repairable sys-
tem. In other words, optimal number of failure is ðN 1;N 2Þ ¼ ð4; 3Þ. To explain clearly this result, we have also
calculated some results in Table 1.
Obviously, we can also see from our algorithm, Fig. 1 and Table 1 that ðN 1;N 2Þ ¼ ð4; 3Þ is the unique opti-
mal policy, and CðN 1;N 2Þ ¼ Cð4; 3Þ ¼ 27:9376 is the minimum of the ACR.
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Fig. 1. The plot of average cost rate against failure number.
Table 1
Some results obtained from Eq. (16)
N1nN2 1 2 3 4 5 6 7
1 18.3333 23.3204 24.1387 24.1793 23.9353 23.5530 23.0914
2 23.4348 26.7186 27.1914 27.1067 26.8114 26.4105 25.9467
3 24.4782 27.4013 27.8068 27.7038 27.4070 27.0120 26.5580
4 24.7740 27.5538 27.9376 27.8331 27.5415 27.1548 26.7104
5 24.8002 27.5105 27.8883 27.7878 27.5035 27.1255 26.6906
6 24.6978 27.3723 27.7511 27.6571 27.3810 27.0119 26.5863
7 24.5233 27.1800 27.5636 27.4773 27.2098 26.8498 26.4334
Table 2
Some results obtained from Eq. (16) under some values of ai and bi
a1 b1 a2 b2 ðN1;N2Þ CðN1;N2Þ
1.005 0.998 1.007 0.985 (11, 6) 30.0431
1.01 0.99 1.05 0.95 (7, 3) 28.6251
1.03 0.99 1.05 0.97 (5, 3) 28.2153
1.03 0.99 1.05 0.95 (5, 3) 28.1385
1.01 0.97 1.02 0.95 (5, 4) 28.7001
1.01 0.97 1.05 0.95 (5, 3) 28.3086
1.03 0.97 1.05 0.95 (4, 3) 27.9376
1.03 0.97 1.10 0.95 (4, 3) 27.3720
1.08 0.97 1.10 0.95 (3, 3) 26.6915
1.03 0.97 1.05 0.90 (4, 3) 27.7304
1.03 0.92 1.05 0.90 (3, 3) 27.4122
1.03 0.97 1.10 0.90 (4, 2) 27.2439
1.13 0.87 1.15 0.85 (2, 2) 25.4503
2006 Y.L. Zhang, G.J. Wang / Applied Mathematical Modelling 31 (2007) 1997–2007According to Deﬁnition 2, ai and bi, (i = 1,2) are respectively the ratios of the stochastically decreasing
GPfX ðiÞn ; n ¼ 1; 2; . . . ; i ¼ 1; 2g and the stochastically increasing GPfY ðiÞn ; n ¼ 1; 2; . . . ; i ¼ 1; 2g. To study the
Y.L. Zhang, G.J. Wang / Applied Mathematical Modelling 31 (2007) 1997–2007 2007inﬂuence of these ratios of GP on the optimal policy, we tabulate the optimal replacement policy ðN 1;N 2Þ and
CðN 1;N 2Þ for diﬀerent values of ai > 1 and 0 < bi < 1, (i = 1,2) in Table 2.
Note that the GP will become a RP when ai = bi = 1, (i = 1,2). In Table 2, if ai becomes bigger (smaller),
the successive operating times of the system (or component) will faster(more slowly) become shorter and
shorter; if bi becomes smaller (bigger), the consecutive repair times of the system (or component) will faster
(more slowly) become longer and longer, thereby the optimal failure number of the system N 1 or N

2 is
nonincreasing (nondecreasing) or the ACR of the system is increasing (decreasing) (i.e. the beneﬁt of the sys-
tem is decreasing (increasing)). Now, we use the parameters and the results in Table 1 as a reference system.
When all parameter values except the ratios ai and bi are not changed, while ai and bi follow the changes above,
we see from Table 2 that the above conclusions are correct, i.e. either the optimal policy of the system (i.e. the
failure number N 1 or N

2) is nonincreasing (nondecreasing) or the ACR of the system is increasing(decreasing).
Thus, we can see that the optimal replacement policy ðN 1;N 2Þ and minimum ACRCðN 1;N 2Þ are sensitive to
the tiny changes of ai and bi (i = 1,2), when the other parameters are ﬁxed. Therefore, introducing the GPRM
is necessary and important for a deteriorating k-dissimilar-component series repairable system in this paper.
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